We present the clustering analysis of the financial markets of S&P 500 (USA) and Nikkei 225 (JPN) markets over a period of 2006-2019 as an example of a complex system. We investigate the statistical properties of correlation matrices constructed from the sliding epochs. The correlation matrices can be classified into different clusters, named as "market states" based on the similarity of correlation structures. We cluster the S&P 500 market into four and Nikkei 225 into six market states by optimizing the value of intracluster distances. The market shows transitions between these market states and the statistical properties of the transitions to critical market states can indicate likely precursors to the catastrophic events. We also analyze the same clustering technique on surrogate data constructed from average correlations of market states and the fluctuations arise due to the white noise of short time series. We use the correlated Wishart orthogonal ensemble for the construction of surrogate data whose average correlation equals the average of the real data. arXiv:2003.07058v1 [q-fin.CP]
Introduction
Some time ago a proposal to consider correlation matrices to define market states was put forward and found some resonance 1 . A noise suppression technique was applied directly to the correlation matrices 2 and thereafter a clustering tree was established and eight market states were established with a certain degree of arbitrariness. Since then ideas from this paper have resonated inside and outside our group. Alternative techniques to handle non-stationary time series through spectral properties have been developed in [3] [4] [5] . Other approaches to behave at critical or catastrophic moments have been put forward by various authors [6] [7] [8] [9] [10] . More recently two of us participated in a proposal 11 to improve the choice of cluster by simultaneously optimizing the clustering process and the noise suppression parameter. We expanded the analysis from the original study of S&P 500 market by including the Nikkei 225 market. The results were essentially a dynamics consistent with the master equation and transitions to the highest correlation cluster mainly from the previous one, which thus allowed to determine possible precursors. The study had the disadvantage of counting to a large extent old data of last century. We here propose to refine the methods further and to improve the criteria to reduce the number of precursors in a given time period and also to get a better understanding of the transition dynamics between states. We also address a basic weakness of the previous studies that implied roughly that the average correlation or equivalently the largest eigenvalues of the correlation matrix, largely determine to which cluster a given correlation matrix belongs. In the Japanese market we found an interesting essential non-linear evolution, as well as a smaller basis of precursor states, thus reducing the risk base. Also we develop a technique of surrogate data based on correlated orthogonal Wishart ensembles (CWOE) draping white noise around the average correlation of each state. This gives a strong indication as to the interrelation of correlation and noise that we see.
In the present work we shall make actual connection to this matrix by noise to the correlation matrices pertaining to the market states by forming a correlated Wishart ensemble [12] [13] [14] from the average correlation matrix representing each market state. We shall find that the clusters obtained for each market state are reasonably related to the original clusters if we chose the same time frame for the added noise. We extend the analysis to the Japanese market to confirm our findings as far as the validity of the clustering is concerned and we finally present the result, that a highly turbulent market-phase started near the Lehman Brother crash and terminated around 2016. The latter result is more clear for the US market than for the Japanese market. This likely results from two facts: The data basis (number of stocks) is smaller for the Japanese market and the Japanese market has six states. Both properties make more noise. On the other hand the fact that two intermediate states of the Japanese market display practically the same average correlation eliminates the disturbing fact mentions in 1 that the average correlation actually dominates the definition of market states to large extent. We thus give a solid base to the concept of market states, as we show, how the clusters, i.e., the market states are made up from average correlations and noise.
Methodology and results
We begin with the identification of market states as a clusters of similar correlation matrices. We have used the adjusted daily closure prices of the stocks making up the two indices S&P 500 of US market (USA) and Nikkei 225 of Japanese market (JPN). We have considered N = 350 stocks of the S&P 500 index and N = 156 stocks of the Nikkei 225 index traded in the 14- year period from January 2006 to December 2019 which correspond to T = 3523 and T = 3459 trading days, respectively. Here we include only those stocks which were present for the entire duration of 14 years. We have also shown in the supplementary material of N = 368 stocks of the S&P 500 index and N = 173 stocks of the Nikkei 225 index for 13-year period from January 2006 to December 2018 which correspond to T = 3270 and T = 3219 trading days, respectively. The list of the stock considered for the analysis are also listed in the supplementary material. We construct a Pearson cross-correlation matrix (equal-time) of the returns r i (τ) of stock i: C i j (τ) = ( r i r j − r i r j )/σ i σ j , where the epoch average . . . and the standard deviations σ are computed over that epoch of size 20 days with i, j = 1, ..., N and τ is the end date of the epoch using daily returns. Note that we do not compensate for weekends or holidays! However, the short time series the correlation matrices become highly singular 15, 16 . We use the power map method 2, 11, 12, 17 , for noise-suppression. In this method, a nonlinear distortion is given to each cross-correlation coefficient within an epoch by: C i j = sign(C i j )|C i j | 1+ε , where ε ∈ (0, 1) is the noise-suppression parameter. We then study the evolution of the cross-correlation structures C(τ) of returns for epochs of 20 days with 10-day overlap. Classification of market states based on optimal intra cluster distances for S&P 500 and Nikkei 225. The measure of the intra cluster distance d intra calculated for different number of clusters is shown in (a) and (b) for S&P 500 and Nikkei 225, respectively. The three dimensional (3D) k-means clustering is performed on 351 noise-suppressed correlation frames of (c) S&P 500 and 344 noise-suppressed correlation frames of (d) Nikkei 225. Here, we use best 2D projection of 3D plots. The errorbar in the plot shows the deviations of the intra cluster distances calculated for 1000 different initial conditions. The plots show the minima of standard deviations at k = 4 for S&P 500 and k = 6 for Nikkei 225, respectively. Inset: Plots of d intra measured for differnet noise-suppression parameters ε and shows minima at ε = 0.5 and ε = 0.3 for S&P 500 and Nikkei 225, respectively.
Figs. 1 (a) and (b)
show the plots of the index returns R(τ) and mean market correlation µ(τ) for S&P 500 and Nikkei 225, respectively. The rather different behavior of the two markets, which we will elaborate on later, already show in these simple measures.
We now define similarity measure for two correlation matrices C(τ 1 ) and C(τ 2 ) evaluated at different time τ 1 and τ 2 by the distance: The (dis-)similarity measure is thus a distance in a N(N − 1)/2 dimensional space which is quite inconvenient particularly because the data set, i.e., the number of correlation matrices we have is smaller than the dimensionality. Multidimensional Scaling (MDS) is a method to accommodate the distances between a set of vectors in higher dimension to a lower dimensional space. This will not always be possible exactly. Thus a statistical method with random initial conditions and subsequent optimization is used as given in the code 18 to reproduce the distances as well as possible with a given tolerance. In our case we can do this by projection into a three dimensional (3D) space, which will allow visualization of projections or animated 3D
Plot shows dynamics of the S&P 500 and Nikkei 225 markets. (a) Evolution of S&P 500 market through the transitions between four different characterized states S1, S2, S3 and S4 over the period of 2006 − 2019. (b) Evolution of Nikkei 225 market though the transitions between six different characterized states S1, S2, S3, S4, S5 and S6 for the period of 2006 − 2019. US market, relative to Japanese market, is relative calm after 2016 and stays more in lower states.
arrangements. We use these suppressed data in a k-means procedure where we slightly improve the techniques of Ref. 11 to show the clustering of the recent data set. We use the noise suppressed correlation matrix as a starting point, and explicitly discard cluster numbers smaller than 4! As before we choose a noise-suppression, and a cluster number, which minimizes the variance of the intracluster distances generated by the random selections involved. The results are seen in Figs. 2 (a, c) for the US and Figs. 2 (b, d) for the Japanese market using ε = 0.5 and 0.3, respectively. The differences mentioned above concerning indices and average correlations now become much more striking. Compared to earlier data, the Japanese market shows one more cluster and while the clusters 3 and 4 are not entirely clear in the older data set. Now we have six clusters for a shorter time period and we encounter the phenomenon that the clusters by no means are in a quasi-linear arrangement which looks somewhat trivial, though it actually is not. Indeed we find that the alignment is along the average correlation, as already pointed out in the very first paper 1 .
Figs. 3 (a) and (b) show the evolution of S&P 500 through the transitions among these four clusters named as market states S1, S2, S3, and S4 and Nikkei 225 through six market states S1, S2, S3, S4, S5 and S6 for the period of 2006 − 2019, respectively. For the US market we find average correlations correspond to each market state µ(S1, S2, S3, S4) = (0.19, 0.31, 0.46, 0.63) are lined up according to the cluster index S1, S2, S3, S4, while we get for the Japanese market µ(S1, S2, S3, S4, S5, S6) = (0.21, 0.33, 0, 43, 0.44, 0.57, 0.68), where states S3 and S4 have practically the same average correlation. Note also that the transition probabilities of the Japanese market between states S3 and S4 are very small, and the absolute numbers (S3 → S4 = 3, S4 → S3 = 1) are not visible in the bar plot Fig. 4 (b) . What properties of the two markets can reflect this nature should be open for discussion.
If the differences in variances of the intracluster measure d intra are small, we suggest adding additional criteria relates to Fig. 4 , where bar-plots for absolute transition numbers (see, Fig. 4 (a) and (b)) and probability graphs for the dynamics (see, Fig. 4 (c) and (d)) of both markets are shown. On one hand select a clustering that minimizes transitions between clusters, which is particularly apparent for the split pathways to high correlations seen above for the Japanese market. On the other hand a clustering that looks consistent with surrogate data, obtained as CWOE from the average correlation obtained for each cluster, as we shall discuss now. In the supplementary material we again show that the probabilities are consistent with a master equation as seen already in Ref. 11 .
We can consider that the average correlation matrix obtained for each cluster to large extent characterizes the states. This Tables S1 and Tables S2) between different states of S&P 500 and Nikkei 225 are shown in (c) and (d) respectively. The probability of market state transition of S3 to S4 is 11% for S&P 500 market, and similarly, for Nikkei 225, the probability of market state transition of S5 to S6 is 17%. ) in plot show the MDS map of CWOE using mean correlations martix as S1 and construction of three times bigger ensemble than S1 market state of S&P 500 market (see, Fig. 3 (a)) with the same noise-suppression ε = 0.5. Red circles (k-means (CWOE)) in plot show the points of the first cluster of k-means clustering performed on CWOE (dots). Blue squares (k-means (USA)) in the plot show the k-means clustering on the emperical data of S&P 500. k-means clustering on the CWOE and S&P 500 data shows a qualitative similar behavior. (f), (g), and (h) show the same for mean correlation matrices S2, S3, and S4,, respectively.
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(a) (a-f) The mean correlation Si evaluated over all the frames correspond to each market state S1, S2, S3, & S4 but for original correlation frames (ε = 0). It shows the average behavior of all six market states of S&P 500 over a period of 14 years (2006-2019) . (e) Black dots (MDS (CWOE)) in plot show the MDS map of CWOE using mean correlations martix as S1 and construction of three times bigger ensemble than S1 market state of Nikkei 225 market (see, Fig. 3 (b)) with the same noise-suppression ε = 0.3. Red circles (k-means (CWOE)) in plot show the points of the first cluster of k-means clustering performed on CWOE (dots). Blue squares (k-means (USA)) in the plot show the k-means clustering on the emperical data of the Nikkei market. k-means clustering on the CWOE and S&P 500 data shows a qualitative similar behavior. (g), (h), (i), (j), (k), and (l) show the same for mean correlation matrices S2, S3, S4, S5, and S6, respectively.
assumption implies that the cluster arises from noise around this average as given by a CWOE constructed from the average correlation matrix. Average correlation matrices of each market state of the S&P 500 market are shown in Fig. 5 (a-d). Fig. 5 (e), (f) (g), and (h) show the comparison of clustering analysis of surrogate data CWOE versus each state S1, S2, S3, and S4 of the S&P 500 market, respectively. k-means clustering (red circles) on the surrogate data (black dots) shows quantitatively similar behavior with the market states S1, S2, S3, S4 of S&P 500. Fig. 6 shows the same for six market states S1, S2, S3, S4, S5
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and S6 of Japanese market. Clustering has a strong dependence on epoch size.
Discussions and Summary
We present improved criteria for the definition of clusters and thus market states and apply these to data sets starting in 2006 and ending in 2019 for both the US and the Japanese stock market as represented by the stocks in the S&P 500 and the Nikkei 225 indices. In general terms, we find that the turbulence that started in 2008 are awaiting to some extent. On the technical side we have improved the selection of precursors of market shocks and found a more detailed structure in the Japanese market that will allow a better understanding of market dynamics beyond the dominating influence of average correlation. This brings the idea of market states and their dynamics one step nearer to real market conditions and practical use. As shares are not the entire market at some point both derivative and bond prices as well as possible connections to intra-day trading will have to be included in such studies.
SUPPLEMENTARY INFORMATION

Data considered for the analysis over a period of 2006-2019
Transition probabilities of the S&P 500 market between four states (S1, S2, S3, and S4) and Nikkei 225 between six states (S1, S2, S3, S4, S5, and S6) over the period of 2006 − 2019 is given in Table S1 and Table S2 , respectively. The data considered for the analysis are given in Table S3 and Table S4 for the same period. 
Data considered for the analysis over a period of 2006-2018
We show here similar results with data running up to 2018. The results for Japanese market differ substantially indicating a change in the general market situation. The data considered for the analysis are given in Table S5 and Table S6 for the period 2006-2018. for S&P 500 and k = 5 for Nikkei 225, respectively, which correspond to the "optimal" number of clusters. k-means clustering is used to cluster the S&P 500 and Nikkei 225 in four and five number of cluster, respectively. The alignment of the clusters is different in two markets: clusters in (c) S&P 500 market are aligned along the average correlation and trivial but for (d) Nikkei 225 market one more cluster forms between second and fourth cluster with nearly same average correlation.
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(a) (b) Figure S4 . Market state dynamics of stock markets: (a) Evolution of S&P 500 market through the transitions among four different characterized states (S1, S2, S3, and S4) for the period of 2006 − 2018 and (b) Evolution of Nikkei 225 market though the transitions among five different characterized states (S1, S2, S3, S4, and S5) for the period of 2006 − 2018. The probability to remaining in the same state or transition to nearby states are relatively high.
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(a)
. Bar plots of transition counts (frequencies) of paired market states (MS) for S&P 500 and Nikkei 225 are shown in (a) and (b), respectively. The networks plots of transition probabilities between different states of (c) S&P 500 and (d) Nikkei 225, respectively. The transition probability of market state transition of S3 to S4 is 6% for S&P 500 market, and similarly, for Nikkei 225, the probability of market state transition of S4 to S5 is 13%.
. Average correlation of each market state of S&P 500 market and clustering of correlated Wishart orthogonal ensembles (CWOE). (a-d) show mean correlation matrices Si evaluated over all the frames correspond to each market state S1, S2, S3, & S4 but for the original correlation matrices (ε = 0). It shows the average behavior of each market states of S&P 500 over a period of 13 years (2006-2018). (e) Dots (MDS (CWOE)) in the plot show the multidimensional scaling map of CWOE using mean correlations martix as S1 and constructing three times bigger ensemble than S1 market state of the S&P 500 market with same noise-suppression ε = 0.7. Red circles (k-means (CWOE)) in plot show the points of the S1 cluster of k-means clustering performed on CWOE (dots). Blue squares (k-means (USA)) in the plot show the k-means clustering on the emperical data of S&P 500. k-means clustering on the CWOE and S&P 500 data shows qualitatively similar behavior. (f), (g), and (h) show the same using mean correlation matrices S2, S3, and S4 states, respectively. ) in the plot show the multidimensional scaling map of CWOE using mean correlations martix as S1 and constructing three times bigger ensemble than S1 market state of the S&P 500 market with same noise-suppression ε = 0.7. Red circles (k-means (CWOE)) in plot show the points of the S1 cluster of k-means clustering performed on CWOE (dots). Blue squares (k-means (USA)) in the plot show the k-means clustering on the emperical data of S&P 500. k-means clustering on the CWOE and S&P 500 data shows qualitatively similar behavior. (g), (h), (i), and (j) show the same using mean correlation matrices S2, S3, S4, and S5 states, respectively. 
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